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On the Stiefel- Whitney classes 
of the representations associated with Spin(15) 

Mamoru Mimura 
Tetsu Nishimoto 

We determine the Stiefel- Whitney classes of the second exterior representation 
and the spin representation of Spin(15), which are useful to calculate the mod 2 
cohomology of the classifying space of the exceptional Lie group £g . 

55R40; 22E46 



1 Introduction 

The study of the cohomology of the classifying space of the Lie groups has a long 
history; in particular, among the exceptional Lie groups G2 , F4 , E(, , £7 , E& , Borel [4] 
first determined the algebra structure of the mod 2 cohomology of the classifying spaces 
BG2 and BF4 using the Serre spectral sequence. In these cases, it is well known that the 
numbers of generators as an algebra over the Steenrod algebra are 1 and 2 respectively. 
Kono, Shimada and the first author [7, 8] studied the mod 2 cohomology of BE(, and 
BE-] , using the Rothenberg-Steenrod spectral sequence {E r } such that 

E 2 = Cotor A (Z/2, Z/2) H*(BEf,Z/2), 

where A = //*(£,•; Z/2) for i = 6,7. Especially, Toda [11] announced that the numbers 
of generators as an algebra over the Steenrod algebra are 2 for both BE^ and BEj . 
Obviously, the first generators are of degree 4 in the cases of BG2 , BF4 , BE^ and BE-] . 
It is possible to represent the second generators as the characteristic classes M>i6(p4), 
ci6(P6) an d Pidipi) of some representations 

p A : F A — ► 50(26), 
P6 : E 6 ^SU(_27), 
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P7 : E 7 — Sp(2S), 

in the case of BF4, BE$ and BE 7 respectively (see Adams [2, Corollaries 8.1, 8.3 and 
8.2] for the representations). 

Little is known about the structure of mod 2 cohomology of the classifying space BE% 
of the exceptional Lie group Eg . However, it is quite natural to conjecture that the 
number of generators as an algebra over the Steenrod algebra is 2. 

Conjecture 1.1 The mod 2 cohomology of the classifying space BE& has two generators 
as an algebra over the Steenrod algebra; the first one is of degree 4, and the second one 
is the 128-th Stiefel-Whitney class wi28(P8) of the adjoint representation 

p 8 = Ad Es : E 8 — ► 50(248). 

(For the adjoint representation Ad^ 8 , see Adams [2, Chapters 6 and 7].) 

Based on the computation in Mori [9], we conjecture more precisely that the number 
of generators as an algebra (not as an algebra over the Steenrod algebra) is 33 and the 
action of the Steenrod square is expressed in the following diagram: 
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where the numbers in the diagram indicate the degrees of the generators. 

Our main tool to prove the conjecture on H*(BE&; Z/2) is the Rothenberg-Steenrod 
spectral sequence. 

Our tactics to prove the conjecture may be stated as follows; firstly we calculate 
E 2 = CotorA(Z/2, Z/2) for A = H*(E & ; Z/2). We claim that generators are exactly 
given by the elements of degree indicated in the above diagram; we will determine it 
in the forthcoming paper (see Mori [9]), and secondly we show that these generators 
are detected by the images of the Steenrod squares of the generator of degree 4 and by 
the images of the Steenrod squares of the generator of degree 128. Observe that the 
remaining generators except those in the right column in the above diagram come from 
the mod 2 cohomology of the Eilenberg-Mac Lane space K(I,,4). 

In order to prove the conjecture on the mod 2 cohomology of BE%, we need to find a 
Lie group G and a homomorphism to E% such that the structure of H*(BG;Z/2) as 
an algebra over the Steenrod algebra is known and that the induced homomorphism 
H n (BE 8 ;Z/2) H n (BG; Z/2) is monic for n < N, where N is sufficiently large. Using 
the homomorphism G — > Eg with the above properties, we consider the Stiefel-Whitney 
class of the induced representation 

G — ► E% U 50(248). 

The natural inclusion map of the semi-spinor group &(16) C Eg might seem to be the 
best homomorphism among others, since the homomorphism 

H*(BE g ;Z/2) — ► H*(BSs(l6);Z/2) 

is a monomorphism. However, calculating H*(BSs(l6); Z/2) seems to be as difficult 
as calculating H*(BE 8 ;Z/2), since the Hopf algebra structure of H*(Ss(l6); Z/2) is 
similar to that of H*(E%;'Z/2). The next candidate is the spinor group Spin(16) which 
is the universal covering of Ss(16) with the obvious homomoiphism 

Spin(16) Sj(16) ->£ 8 . 

According to Adams [2], the Lie algebra L(E%) of type E% can be constructed as the 
direct sum L(Spin(16)) © Ajg with some Lie algebra structure, where L(Spin(16)) is 
the Lie algebra of type Spin(16) and Af 6 is the spin representation of Spin(16): 

A+ : Spin(16) — ► 50(128). 
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Note that the Lie algebra L(Spin(«)) of type Spin(«) is isomorphic to the second exterior 
representation 

X 2 n : Spin(rc) — ► SO(n) — ► 50 ((*)) 

as a representation of Spin(rc). Thus the induced representation Spin(16) — ► 5s(16) — > 
E% — > 50(248) is the direct sum X 2 l6 © A^. The more appropriate homomorphism 
than Spin(16) — > Eg is the composition map of the natural maps 

Spin(15) — ► Spin(16) — ► Ss(16) — ► Eg, 

since the image of H*{BSs(\6); Z/2) -» ff*(BSpin(16);Z/2) is isomorphic to that of 
H*(BSs(l6);Z/2) -> ff*(flSpin(15);Z/2) and since Spin(15) is smaller than Spin(16). 
Observe that the induced representation 

Spin(15) — > Spin(16) — > Ss(l6) — ► E % 50(248) 
is a direct sum of the first exterior representation (or the projection map) 

A} 5 : Spin(15) — ► 50(15), 
the second exterior representation 

\\ 5 : Spin(15) — ► 50(105), 

and the spin representation 

Ai 5 : Spin(15) — ► 50(128), 

since we have/* 5 X 2 6 = \\ 5 © Aj 5 and f? 5 Af 6 = A 15 , where / 15 : Spin(15) — > Spin(16) 
is the natural inclusion map. Quillen's theorem (cf Theorem 2.4) states that the 128-th 
Stiefel-Whitney class Wi2s(Ai5) of the spin representation A15 is a member of a 
system of generators of H*(B Spin(15); Z/2) as an algebra over the Steenrod algebra. 
Our calculation asserts (Theorem 5.1) that 

wi28(A} 5 © Aj 5 © A 15 ) = wi28(A 15 ) mod decomposables, 

which implies (Corollary 5.2) that the 128-th Stiefel-Whitney class wi2s(Ad£ 8 ) can be 
chosen as a member of a system of generators of H*(BE%;Z/2) as an algebra over the 
Steenrod algebra. 

The paper is organized as follows. In Section 2, we prepare some results on representa- 
tions which will be needed for later use. In Section 3, we calculate the Stiefel-Whitney 
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classes of the second exterior representation Aj 5 of Spin(15). In Section 4, we calculate 
the Stiefel-Whitney classes of the spin representation A 15 of Spin(15). One can derive 
the total characteristic classes w{p$), c(p(,), p{pi) from the results (4-1), (4-2), (4-4) 
respectively. In Section 5, we calculate the Stiefel-Whitney classes of the representation 
A} 5 © Aj 5 © of Spin(15) which is the induced representation from the adjoint 
representation of Eg . 

Our main results are Theorem 5. 1 and Corollary 5.2; the latter result assures the existence 
of the first generator in the right column in the previous diagram. The former result 
will be used to show in the forthcoming paper that the action of the Steenrod squares 
on this generator of degree 128, and hence on those of degrees 192, 224, 240, 248, by 
using the Wu formula. That is, the generators in the right column can be represented by 
the 128-th, 192-nd, 224-th, 240-th and 248-th Stiefel-Whitney classes of the adjoint 
representation respectively. 

It is our pleasure to acknowledge that the present paper is motivated by the calculation 
in Mori [9]. Most of the calculations were performed by programs using GAP which is 
a system for computation in discrete abstract algebra. We thank Shingo Okuyama and 
Yuriko Sambe who advised us about programming of the calculations. 



2 Preliminary 

In this section, we recall the mod 2 cohomology of the classifying spaces of 0(n) , 
SO(n) and Spin(«) as well as the Stiefel-Whitney classes of representations. 

Let H n be the subgroup of 0(n) consisting of the diagonal matrices, which is isomorphic 
to (Z/2) n . Let i n : H n -> 0(n) be the natural inclusion map. Let W = N(H n )/H n be 
the Weyl group of 0{n) , where N(H n ) is the normalizer of H n . As is well known, W is 
isomorphic to the n-th symmetric group £„ . The mod 2 cohomology of BO{n) is a 
polynomial algebra whose generators are defined as the invariants under the action of 
the Weyl group: 

H*(BO(n);Z/2) = H*(B(Z/2) n ;Z/2) w 
= Z/2[t u t 2 ,...,t n ] w 
= Z/2|>1,W2, • • • ,w n ], 
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where {tj : 1 < j < n} is a basis of H 1 (B(Z/2) n ;l l /2) and w,, the i-th elementary 
symmetric polynomial of tj, is called the i-th Stiefel-Whitney class. Similarly, the 
mod 2 cohomology of BSO(n) is a polynomial algebra generated by w* for 2 < i < n : 

H*(BSO(n);Z/2) = Z/2[w 2 ,w 3 , . . . ,w n ]. 

Let G be a compact Lie group and p an -dimensional real representation G — > 0(«). 
Since a homomorphism induces a map between their classifying spaces 

Bp: BG — ►50(n) 

uniquely up to homotopy, we obtain a homomorphism between their mod 2 cohomolo- 
gies: 

Bp* : H*(BO(n);Z/2) — > H*(BG; Z/2). 

We denote Bp*(wj) simply by w;(/o)- For a representation p: G — >• SO(n), we 
also denote by w,(/?) the induced element. One of the important properties of the 
Stiefel-Whitney class is the Whitney product formula: 

(2-1) Wk(bn,n) = W 'i X W 'j'-> 

i+j=k 

where i W) „ : O(m) x 0(n) — > 0(m + n) is the obvious map, and w\ and w" are the i-th 
Stiefel-Whitney classes of H*(BO(m);Z/2) and H*(BO(n);Z/2) respectively. 

The action of the Steenrod square on the Stiefel-Whitney classes is given by the Wu 
formula: 

(i-k - 1\ 

Sq 7 = 2^ ( . _ , J Wi+j-kWk (0 < j < i)- 
k=o ^ J ' 

Then, using it, one can easily see that generators of H*(BO(n); Z/2) as an algebra over 
the Steenrod algebra are given by w 2 k for 1 < 2 k < n. 

Now we recall a result due to Borel-Hirzebruch [5]. Let H be an elementary abelian 2- 
subgroup of G, and i : H —> G the inclusion map. Suppose that there is a representation 
p: G — > 0(n) satisfying the following commutative diagram: 

H — ^ H n 

i in 

G ► 0(n), 

p 

where p = p\u- 
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Proposition 2.1 (Borel-Hirzebruch [5]) There holds 



Bi*(w(p)) = l[(l+Bp*(t i )). 



Moreover, if G = 0(m) and H = H m , then Bi*(w(p)) is a symmetric polynomial of t\ 
for\<i<m, where t\ G H\BH m ; Z/2). 

Thus one can calculate w(p), if Bp*(tj) is calculable. 

To state Quillen's result [10] concerning 7/*(fiSpin(ra);Z/2), we define h n as follows: 



(n+l)/2, n = 3,5 mod 8. 

We often denote h n by h if there is no confusion. Let / C H*{BSO{n);'L/2) be the 
ideal generated by the elements 

W2, Sq 1 ^, Sq 2 Sq 1 w 2 , Sq 2 '" 2 Sq 2 "~ 3 • • • Sq 2 Sq 1 w%. 

As is well known (see for example Adams [2]), Spin(«) has the spin representations: 



A± : Spin(8m) — ► SO{2 4m ~ l ), 



Asm+i : 


Spin(8m + 1) - 


-> SO(2 4m ), 


^8m+2 • 


Spin(8m + 2) — 


-> SU{2 4m ), 


A8 m +3 : 


Spin(8m + 3) - 


- Sp(2 4m ), 


^8m+4 • 


Spin(8m + 4) - 


- *(2 4m ), 


Agm+5 : 


Spin(8m + 5) - 


-> ^(2 4m+1 ) 


^8m+6 • 


Spin(8m + 6) - 


-» S£/(2 4m+2 


A8m+7 '■ 


Spin(8m + 7) - 


50(2 4m+3 ; 



where A 1 * 1 means that there are two representations A + and A . 

Notation 2.2 (1) For a real representation p: G — > SO(n), we denote by pc a 
complex representation 

G 50(n) — ► 517(b). 
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(2) For a quatemionic representation p: G — > Sp(n) , we denote by pc a complex 
representation 

G Sp{n) — ► SU(2n). 

(3) For a complex representation p: G — > SU(n), we denote by pr a real represen- 
tation 

G 5C/(n) — ► 50(2n). 

(4) For a quatemionic representation p: G — > Sp(n), we denote by a real 
representation 

G 5p(n) — ► Sf7(2n) — ► 50(4n). 

The following remark is well known (see for example Adams [1]). 

Remark 2.3 For real representations p and a , pc — o"c if an d only if p = a . For 
quatemionic representations p and a , pc — &c if an d on ly if P — & ■ 

We sometimes denote by p^ a real representation p, and denote by pc a complex 
representation p, by abuse of the notations. It is well known that w(pm) = c(p) if p 
is a complex representation. It is also known that w(pr) = c(pc) = Pip) if p is a 
quatemionic representation. Note that, if n = 4m + 2, the representations of (A+)r 
and (A~)r are isomorphic, since A+ and A~ are conjugate to each other. We denote 
w 2 a((A„)]r) and w 2 a((A+)r) simply by u 2 h for « odd and n even respectively. 

Now the results due to Quillen [10] can be summarized as follows: 

Theorem 2.4 (1) The algebra structure of the mod 2 cohomology of BSpin(w) is 
given by 

H*(B Spin(n); Z/2) ^ H*(BSO(n);Z/2)/J (8) Z/2[« 2 „]. 

(2) The nonzero Stiefel-Whitney classes of the spin representation are those of degrees 
2 h and 2 h — 2' for r < i < h, where 

n = 0,1,7 mod 8, 
/' < 1 n = 2,6 mod 8, 
2 = 3, 4, 5 mod 8. 
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In order to choose a Grobner basis of the ideal of J (see for example Cox, Little 
and O'Shea [6]), we need to introduce a total order to the set of monomials in 
H*(BSO(n);Z/2). Let a = vJ^vJ' ■ ■ ■ wj and b = w^wj 5 • • • w% be monomials in 
H*(BSO(n);Z/2). Then we define a total order as follows: 



For the projection A : Spin(«) — * SO(n), denote w,(A ) simply by yi, since we need 
to distinguish the elements of H*(BSO(n); Z/2) from those of #*(BSpin(n); Z/2). 
We exclude the elements yi, 3>3, ys and yg in the generators of H*(B Spin(n); Z/2), 



is, they are in H*(B Spin(n); Z/2). Now we can describe the algebra structure of 
H*(B Spin(rc); Z/2) for 3 < n < 15 explicitly using the reduced Grobner basis {/?,} as 
follows: 



#*(flSpin(3);Z/2) = Z/2[w 4 ]; 
#*(BSpin(4);Z/2) = Z/2[y 4 ,u 4 ]; 
ff*(BSpin(5);Z/2) = Z/2[y 4 ,u s ]; 
#*(flSpin(6);Z/2) = Z/2[y 4 ,y 6 ,w 8 ]; 
#*(BSpin(7);Z/2) = Z/2[y 4 ,y 6 ,y 7 ,u s ]; 
tf*(5Spin(8);Z/2) = Z/2[y 4 ,y 6 ,y 7 ,y 8 , "si; 
tf*(5Spin(9);Z/2) = Z/2[y 4 ,y 6 ,y 7 ,y 8 , Ml6 ]; 
ff*(BSphi(10);Z/2) = Z/2[j4,y6,3'7,y8,3'io ! "32]/(^i), 

#1 = yiyw, 

/T(fiSpin(ll);Z/2) = Z/2[y 4 ,y6,y7,y8,3'io J 3'ii,M64]/(^i,^2) ) 

#i = ^yio+Myn, 

^2 =3 ; ii+3 ; 73 ; 83 ; ii+3 ; 43 ; 73'?i; 
fl*(BSpin(12);Z/2) = Z/2]y^,y 6 ,y 7 ,y%,yi ,yu,yu,U6i\/(Ri,R2), 

R\ = yyyio+ytyu, 

R2 = yli+yiyzyu+yhn+ynyiylx, 

//*(BSpin(13);Z/2) = Z/2\y 4 ,y 6 ,y 7 , y&,yw,yu,yi2,yi3, wi2s]/(^i,tf2,^3), 



a < b 




deg a < deg ft, or 




since Sq 1 ^ = Sq 2 y 3 = +7273 and Sq 4 y 5 = y 9 + y 2 yi + y^ye +M5. that 
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Ri =y7yw+y6yn+y4yi3, 

R2 = yli+ywyu+yiyh+yiysyn+yiyn+yeyiyu+yly&yn+yAyiyn 
+y4y6yioyi3+yiynyn, 

R 3 = yh+yioynyn+yioynyn+ysyjoynyn+yiysynyn+yhlynyn 
+ybmm2yi3+y7yi2yn+y7ylyi3+y6yioyh+y6yfamiyh 
+ylylynytt+ylyb 3 i3+ylynyi2yi3+y6yioyny 2 n+yly&yl3 
+ylyiyly 1 iy 1 3 +yly 2 y&y 1 iy 1 3 +y\y\y 1 iy 1 3 +yhiy?,y 1 3 +y4y 2 uy 3 3 
+yAy 2 y\iyny\3+yAyiylynyi3+y4y6yiyny 2 n+yAylyiynyny\3 
+y4yiyny 2 3+ylyioynyi2yi3+yly 2 yny 2 3+y 2 .ymiyi2y 2 3 
+y 2 .yiynyl3+y4 l y7ynyi2yi3+yly6y7y&ynynyn+yly6y 2 y 2 2yi3 
+y 2 4y6y 2 yny 2 l 3+ylylyioy 2 nyi3+y 2 4yly 2 wynyi3+ylyly 3 i3 
+yiy6y 2 nyi2yi3+y 3 4y6yioyny 2 l 3+y 4 4ynyi2y 2 3+y 4 4yl2yi3', 

J/*(flSpin(14);Z/2) = 

Z/2[y 4 ,y6,yi,y&,yw,yn,yn,yi3,yu,ui2$]/(Ri,R2,R3), 
Ri =ymo+y6yn+y4yi3, 

R2 = Ai+Aoyn+yifu+yjysyn+ybn+yey^yn+ybsyn+ylyiyu 
+y4y7y 2 n+y4y6yioyi3+ylynyn+ylynyu, 

R3 = yi3+ywy 2 ny^+ywyny\3+y 4 mynyi4+y&y 2 i yny 2 3+yiy&yny 3 i3 
+y 2 yny 2 3yi4+ybiynyn+ybmiynyi3+yb8y 2 nyi4+y7y 2 2yu 
+y7ynyi2yi4+y7ylyi3+yblyi4+y6yioy 2 nyi3yu+y6y 2 w y 3 i3 
+y6y 2 y&yny 2 3+y6ybnyi3yi4+yiylyny 2 3+ylybl3+yly 2 yny 2 4 
+yly 2 nynyi3+ylyioyny 2 3+yly 2 ioyi3y\4+yly&y 3 i3+ylyiylyiiyi3 
+yly 2 y&yny 13 +yfa 1 3y 2 l4 +ytyh> nyn +yhb 1 \y u +yhmy \ 3 

+) ; 6) ; 8) ; 1 3J 14 +3^ 1 1 J 1 3 +3^ 

+y4y 3 y\y\\y\3+y4y 4 y%y\\y\4+y4y\y\2y\4+y4y6yiy\\y 2 \3 
+y4yby 4 y\3y\4+y4y\y\\y\3y\4+y4y\yb^ 

+3 ; 43 ; 6>'73 ; 1 1^ 1 1 3 +3 , 43 ; 63' 1 1 ^ 1 3 +3 ; 43 ; 63 ; 10^ 1 3^ 1 4 +^4^ 1 0j 1 1 ^ 1 2j 1 3 
+3 ; l3 ; ? 3 ; l U?3 +3 ; 43 ; ?o3 ; 1 3J 14 +^8^ 1 U 1 2y?3 +^4^8^? 1 ^ 1 3j 14 
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+yly6yny 2 i3yi4+y 2 4y6y7ysynynyi3+y 2 4y6y7y 2 nyi3+y 2 4y6yiyiiy 2 i3 

+yb&ioy 2 nyn+yb& 2 oyi2yi3+yb&loynyu+yly&moyi3yi4 

+y4ylynyi3yi4+yiyly 3 l 3+y4y6y 2 nyi2yi3+yly6yioyny 2 l 3 

+y4y6y 2 oyi3yu+ylylyi3y 2 4+y4y7y&ynyi3y\4+y 3 4y 2 yny 2 4 

+y4yioynyi3yi4+ytyim2y 2 n+y4yny 2 nyu+yiy 3 i 2 yu+y4y&yi3y 2 4 

+y 4 4yiy 3 i4~> 

#*(flSpin(15);Z/2) = 

Z/2[y4,y6,yi,y&,yw,yn,yi2,yi3,yu,yi5,um]/(Ri,R2,R3), 

R2 = yn+Aoyn+yiAi+yjymi+ybn+yey^yn+ybms+ylyiyu 
+yly\5+y4yiy 2 n+y4y 2 y\5+y4y6ywyn+y4yi2yi3+y4ynyi4 
+ylywy 15, 

Ri = A3+ylofnyn+ywyi2yn+ywynyu+yioyi5+y&fioynfi3 

■ V7.VS.V: I V, , • V=V| |.VJ,.V|4 • \i\ivT|.V| < • V=)v s V| I V 1 2 V I i • V-Vs.VJi V|4 

+yh 2 nyi3+ybnynyi4+yh 2 nyi5+y 4 7ylyi3+y7y 2 5+yiylyi4 

+3 ; 73 ; 83 ; 15+3 ; 63 ; io3 ; ?i3 ; 133 ; 14+3 ; 63 ; ?o3 ; b+3 ; 63 ; ?o3 ; ii3 ; 133 ; 15 

+y6y7yny 2 l 3yi5+y6y 2 y&yny 2 3+y6y 2 y&y 2 nyi5+y6yiynynyu 

+^6^11^12^15 +y6y 4 yjy 1 5 +ybb 1 w 1 3 +ybb 1 3 +ybb ny 2 u 

+yly 2 ynyi3yi5+ylynynyi3+y6yioyny 2 3+ylyioy 2 nyi5 

+yly 2 oyi3yi4+yly8yl3+ylyiylynyn+yly 2 y&yi2yi3+ytyi3y 2 4 

+y6ylyi2yi3+ytylynyu+yiylyioyi5+ytyiy&y 2 3+ytyiy&yiiyi5 

+yly&yi3yi4+y4y 2 nyl3+y4ywyuy 2 3yu+y4y 2 y 2 nynyi3 

+y4y 2 y&ynyi3yi5+y4yjy 2 3y^+y4y 3 7ynyuy\5+y4y 3 ylynyi3 

+y4y 4 y&y 1 iy u +y4yb ny u +y4yb 1 iy 15 +y4y6yiy 2 \yn 

+y4y6y 2 y 2 i3yi5+y4y6y 2 yuy 2 5 +y4y6yiy&ynyi5+y4y6y7yi3yu 

+y4y6y7yi2yi5+y4yly 2 nyi3yu+y4y6yioyny\3yi5+y4y6y 2 y&yi3yi4 

+y4y 2 6 y7y 2 4+y4yiy 3 7 yi3yi5+y4ylyiynynyi3+y4y 4 6 yny 2 3 
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+y4yiy 2 nyi5+y4yiy\oyi3yn+y4y6yiy 2 i5+ylyioy 2 nynyi3 

+yly 2 oyuy 2 3+y4ywy 2 nyi5+ylywyi3yi4+y 2 .y&ynynyn 

+yly&y 2 nyi3yu+yly&yioynyi3yi5+yiy7yny 3 i3+yiy7ynynynyu 

+y4y7y 2 ny 2 4+y4yiy 2 ny^yi5+ylybnyi2yi3+y 2 .y6yny 2 3yi4 

+yly6ynynyi3yi5+y4y6yioy 2 i3yi5+yly6ywyny 2 5 

+yb6y7y&yiiy\2yi3+yly6y 2 y 2 2yi3+y 2 y6ybny 2 3+y4ybioy 2 iyi3 

+ybb 2 ioyny 1 3 +ybb 2 oy 1 iy 14 +ybb \oj 15 +ybb&y 1 \y 1 5 

+> 7 43 ; 63 ; 8>'l 13^ 14 +>'4>'6-> ; 7>' 1 1 J 12j 1 5 +> , 43 ; 6>' 1 2^ 13^14 +3'I> , 63 ; 1 3 

+^1013^14^15+^6^11^^ 

+> 7 43 ; 6 J 1 03 7 1 3J 14 +3 ; 43 ; 63 ; 83 ; 1 1 ^ 1 3^ 1 5 +3 ; 43 ; 63 ; 73 ; 1 2^ 1 3^ 1 5 +^4^6^ 1 3^14 
+3 ; 43 ; 63 ; 1 3^ 1 5 +3 ; 43 ; 73 ; 83 ; 1 1 ^ 1 3^ 14 +^4^7^ 1 1 J 14 +3 ; 43 ; 73 ; 1 1 J 1 3^ 1 5 
+^4^ 1 03 7 1 2J 1 3^ 1 4 +^4^ 1 03 7 1 2.y 1 5 +)4>1 012^3 +)4>1 
+yiy 2 nynyi5+y4yl2yi3+y4y&yny 2 u+y4y&y 2 3yi5+y4y&yny 2 5 

+ybiy\4+ybiyny 2 5 +yb& 2 uyi5+yb&uy\5+yly\5i 

where the first term of Rj is the leading term. 

In order to calculate the Stief el-Whitney classes of the spin representation concretely, 
we need some facts about the spin representations. 



Notation 2.5 /„ : Spin(«) — > Spin(« + 1) is the natural inclusion map. 



As is well known (see for example Adams [2, Proposition 4.4]), we have that 

/2fc-l(^2fe)c = (A2*-l)c, 

^(Aat+Oc = (A^)c © (A^) c . 
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Then, using these and Remark 2.3, we have the following: 

fim^&m+l = A+ m A% m , 
fsm+l\m+2 = ( A 8m+l)c, 
/8m+2( A 8m+3)c = ^4 m+2 © A 8m+2' 



(2-2) 



/8*m+3 A 8m+4 = A 8/m+3, 
/8*m+4 A 8m+5 = A 8„ J+ 4 © A 8m+4' 
/8m+5 A &„+6 = ( A 8m+5)c, 
/8m+6 A 8m+7 = (A 8m+6 ) K = (A^ n+6 ) K , 

fsm+7\m+8 = ■ 

Notation 2.6 A' : G(n) — > G( (") ) is the i-th exterior representation, where G = 
0,50, 17, St/. 

For the usual inclusion map 

r n : SU(n) S0(2n), 

there is a covering map 

r„ : St7(n) — ► Spin(2n), 

since SU(n) is simply connected. According to Atiyah, Bott and Shapiro [3], there are 
isomorphisms of the representations 

[n/2] 

(2-3) f*(A+) c = X2i ' 

i=0 

K«-l)/2] 

(2-4) ^(A 2 -)c= £ A 2 ' +1 . 

!=0 

3 The Stiefel- Whitney classes of the second exterior repre- 
sentation 

In this section, we calculate the Stief el-Whitney classes of the representation 
X] 5 : Spin(15) — ► 50(15) — > 0(15) — ► 0(105) 
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induced from the second exterior representation A 2 : 0(15) — > 0(105). 
Let v be the nontrivial real representation of one dimension 

v \ 0(1), 

and vi a composition map 

vi : H n (Z/2)" Z/2 0(1), 

where pi is the i-th projection map. Then it is easy to show that the induced 
representation 

i* X 2. Hn j^ {n)^0{(§) 
is isomorphic to Y^\<j<k<n v j v k- Using Proposition 2.1, we obtain 

Bi* W (x 2 )= n (i+^-+^), 

1 <j<k<n 

since the total Stiefel-Whitney class of the representation Vjify is given by 1 + tj + %. 
Then we can write 

vl(W\,W 2 ,...,W n ) = ] [ (1+tj + tk), 
\<j<k<n 

where w\ is the z'-th elementary symmetric polynomial. Since it is quite difficult 
to calculate ip 2 l5 directly by using GAP because of the capacity of the computer, 
we need to improve the algorithm to expand symmetric polynomials in terms of the 
elementary symmetric polynomials, that is, to calculate tp 2 by induction on n. Obviously 
^p\{w\ , wt} = 1 + w\ . Suppose that (p 2 _ l is obtained. Let w, be the i-th elementary 
symmetric polynomial of tj (1 <j < n — 1). Then we have 

Wi + t n , if i = 1, 
"V ~~ ^ Wi + Wi~\t n if 1 < i < n, 

W n -lt n if/ = 71. 

v 

We define a function ip 2 by 

n-i 

i? n (w X , . . . , W„_i , t n ) = JJ (1 + tj + t k ) JJ(1 + ti + t n ), 
\<j<k<n- 1 i=l 



Qeometry & Topology Monographs 11 (2007) 



On the Stief el-Whitney classes of the representations 



155 



which is equal to tp^(wi , . . . , w n ) as a polynomial of r,-. Then we obtain 

V'nCwi, • • • ,W n -l,t n ) = ^_i(wi,W 2 , • • • ,VV n _i)^ ^ (" jw/). 

We define ^ , . . . , w ra _i) for / > by the equation 

^(wi, ... ,w„) = ^^, m (wi, . . . ,w„_i)w™, 

m 

where it is easy to see that there holds the following identity 

¥>n,o(6, • • ■ > Cn-l) = ^(6, • • • , £n-l, 0), 

as polynomials for any invariant element Now we calculate tp^ by induction on m. 
Assume that ip\ l is obtained for 1 < / < m — 1 . Put 

tpl/W!,. ..,W„-l,t„) = <flj(wu . . . ,W„_l) 

and Xn,m(wi,- . ,W„_l,f„) = {^(Wl,. . ,W„_l,?„) 

m— 1 

- • ■ ,w„_i,0*i-i4}/<-iC 

Then ^,m(6, • • ■ = Xn,m(6, • • . ,6,-1,0), 

which gives <p%(wi, . . . , w„) by the above equality. By induction on n, namely, using 
the improved algorithm, we obtain the following theorem. 

Theorem 3.1 The Stiefel-Whitney classes of degree 2 l for < i < 6 of the induced 
representation Aj 5 : Spin(15) — ► 0(105) are given as follows: 

wj(A? 5 ) = 0, 
w 2 {\ 2 l5 ) = 0, 
w 4 (Ai 5 ) = y 4 , 
W8(A? 5 ) = ys+yj, 
wie(A? 5 ) = yi+yfrs+wi, 

>V32(Ai 5 ) = ^4^ 1 4 +^6^ 1 3 +^8^12 10^ 1 2 +^ 1 0^ 1 1 +^4^ 1 1^ 1 3 +3 ; 6> , 73 ; 1 3 

+yly\o+ybn+yt+yl, 
+yAyiynyny\5+ymyny 2 ny\5 
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+3 ; 43 ; 83 ; t3+3 ; 43 ; ?o3 ; i23 ; i33 ; i5+3 ; 43 ; ?o3 ; i33 ; i4+3 ; 43 ; io3'n3 ; i33 ; i5 
+3 ; 8^2+3 ; 83 ; io3 ; ii3 ; i5+3 ; 83 ; ?o3 ; ?i3 ; i4+3 ; 83'io3 ; ?i3 ; i3+3 ; 83 ; ti3 ; i2 

1 0^ 1U13 + J 1 0^ 1 1 +^4^ 1 0^ 1 1 5 +^4^ 1 1 3^ 1 1 5 +^11 ^15 

+ylyuyi2yuyi5+yly 2 i2ynyi5 
+ylyuy 2 uyu+yly(,ywyuy\?,y\5 

+3 ; 43 ; 6>' 1 1 3^ 14 +^4^6^ 1 1^13^15 +^4^6^ 11^13 +^4^ 1 23'? 5 

+y4y7y»y 2 i3yi5+y4yiy 2 nyi2y[5+yiy7ynyi2y 2 3+yiyly 2 i3yu 

+yh&y 2 wy 2 4+yh&yioynyi2yi5+yh&y 2 nyi2yi4+ylysyn 

+yhloynyi5+y 2 4ywy 2 3+yly 2 wy 2 nyi4 

+y 2 4yioynyi3+y4ylyi2y 2 5 

+y4ylyi3yi4yi5+y4yly7yi2yi4yi5+y4yly&ywy 2 5 

+y4yly&ynyuyi5+y4ylym2ynyi5+y4yly^y 2 nyi4 

+y4yh 2 l0 y ay is +y4y 2 6 y \ oyu+ywh 1 \y 1 5 

+y4yly\2+y4y(,y 2 ywy\5 

+y4y6yiy%y\?,+y4y6ylyioy\3yi5+y4y6y%y 2 oyny\5 

+y4yey%y my \ \y u +y4yeysy I iy 1 3 +y4yh \ 2 y 1 5 +y4y 2 y&y 12A3 

+y4y 2 y 2 y 2 3+y4y 2 y 2 ny 2 2+y4y7yiy 2 iyi5+y4y7ylyny 2 i3 

+y4yiy&ynyi2+y4yiy 2 u+y4ylyn+y4y 6 w +yly 2 ysy 2 5 

+y\y 2 y\2y 2 n+y\y%y\\ +y\y\<sy\2 

+ybwy 2 n +yey 2 yn +ytyty 2 3 

+y7y8y 2 u+yiywy 2 3+yly 2 2+yh 2 oyi2+ytywy 2 n+yly 4 io 

+y4y7yny 2 5 +y 4 4y7y 2 3yi5+y 4 4y7yi3y 2 4 

+y4yny 2 n yi3+yly6yly 2 5 

+^4^63' 1 1^13 +3 ; 43 , 73 ; |3 , 1 4J 1 5 +3 ; 43 ; 73 ; 83 ; 1 1^15 ^-3 , 43 ; 73 , 1 0^ 1 5 

+yly7y 2 my 1 \y 14 +ybiy \ iy 12 +y 2 4yjy 2 y 2 5 +ylybly\4 
+y 2 4yb 2 oy nyn +y 2 4yly 2 wy 2 2 
+yly6yiyly \2y\5 +yly&>>iyly uyu 



Qeometry & Topology Monographs 11 (2007) 



On the Stief el-Whitney classes of the representations 



157 



+ybeymy 2 \Qyi5+yb0my 2 nyi3+ybbny\5+ybb 2 4 

+ybb 2 nyi3+ybbbnyi5+ybbbi2yi4+ybbb 2 3 

+ybb&y 2 oyi4+yly 2 y8y z nyi2+ybtynyn+y4y 5 6 y 2 5 

+ywiyiy uy 15 +ywty wy 13 +y4ylyiylyioyi5 +y4ylyiyly\ iyu 

+y4y6y7ynyi5+y4y6y 2 ylynyn+y4ybnyu+y4yiylyi5 

+y4ybbnyn+yb 2 4+ybiynyi5+ybm3yi4+yb^ynyn 

+y6y 2 ynyi5+yty 2 yi2yi4+y6y 2 y 2 3+ytyiyn+y6ylyny\3 

+ytyly 2 2+y^ylyi5+yly 2 ylyi4+yly7ytyn+ylyty 2 o 

+y6ybsyi5+y6ybly^3+ybi5+yb^yi4+ybbi3+ybb^ 

+ybtyn+yiy 2 3yu+y 5 4yiy 2 nyi5+y4yiyny 2 3+y4yly 2 iyu 

+yb6y7y 2 wyi5+yb6y7y 2 nyi3+yly 2 y&y 2 3+y 4 4y 2 y 2 nyi2 

+ybbb 2 3 +ybb nyn +ybb 2 3 

+ybbiyioyi5+yb6yiynyu 

+ybb-iyi2y\3+ybb%y\ vyu+yAyhi ms+ytytfiyis 

+y4ybbi3+y4ybn+y4ybt+ybiytf+ybbu+yb%y 2 o 

+ybbi3+ybbn+ybl +yb& +yb6y 2 5 +ybiyi4yi5 

+ybb 2 4+yb(>yiyi2yi5+yb(>yiyi3y\4 

+y 6 4ybnyi5+y4ybi2yi4 

+} ; 4} ; 10+3 ; 43 ; 63 ; 73 ; 103 ; 15+3'43 ; 63 ; 73 ; 113 ; 14 

+yb(>yiy 1 1 y 1 3 +ybb%y 1 5 

+ybbnyi2+yiyb 2 2+ybbiy&yi5 

+ybbbzyi4+y 4 4y6yb&yi3 

+y4ybi3+ybb8yi2+y4yt+yb6yiyi3+y4yb 2 o+ybbbn 

+ybbt+ybi+ybl+yb 2 4+ybiywyi5+ybiyny\4 

+ybiyny\3+yb%yny\3+yb%y 2 n+yb 2 wyn+yb\oy 2 n 

+ybbi5+ybb 2 n+ybb7yi5+y4ybbi4+ybb»y 2 o 

+yb(>yb 1 3 +ybb 1 2 +ybl +ybbiy 1 3 +ybb 2 o +ybbb 1 1 

+ybbt+ybly8+y4y l 6 - 
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Remark 3.2 The total Stiefel-Whitney classes of the induced representation 

X 2 n : Spm(n)-0(®) 
for 3 < n < 9 are given as follows: 



w{Xj) 


= 1, 


w(\l) 


= 1, 


w(A|) 


= l+?4, 


w(X 2 6 ) 


= (l+y 4 +y 6 f, 


w(X^) 


= {l+y4+y6 + yi)\ 


w(Xj) 


= {l+y 4 +y6 + yi) 4 , 


w(Xj) 


= (l + y 4 + y6 + yi + j8)(l + y 4 + ye + yif 



4 The Stiefel-Whitney classes of the spin representation 

In this section, by making use of Theorem 2.4, we calculate the Stiefel-Whitney classes 
of the spin representations (A„)r and (A„ )k for n < 15. Firstly, one can obtain them 
for n < 7 as follows: 

w((A 3 ) R ) = p(A 3 ) = 1 + K4, 
w((A+) M )=p(A+) = 1 + M4, 
w((Aj) K ) = pCAj ) = 1 + y 4 + K4, 
w((A 5 ) K ) = p(A 5 ) = 1 + y 4 + w 8 , 
w((A 6 ) K ) = c(A 6 ) = 1 + y 4 + y 6 + M 8) 
w(A 7 ) = 1 + y 4 + y 6 + y 7 + Mg. 

Secondly, it also follows from Theorem 2.4 that the total Stiefel-Whitney class of the 
spin representation Ag~ is given by 

w(A^) = 1 + y 4 + y 6 + y 7 + Kg. 

According to Adams [2], the outer automorphism group Out(Spin(8)) of Spin(8) is 
isomorphic to the symmetric group £3 of degree 3 which acts on the set of the 
representations A 1 , A^~ and A^ , where A 1 is the natural projection Spin(8) — * SO($). 

Qeometry & Topology Monographs 11 (2007) 



On the Stief el-Whitney classes of the representations 



159 



Then there is an automoiphism a: Spin(8) — > Spin(8) such that <r*(A 1 ) = Ag~, 
a*(Af) = A 1 and <7*(Ag~) = Ajj\ Since Bfjw(A%) = w(A 7 ), we can write as 
follows: 

w(A~) = 1 + y 4 + y 6 + y 7 + w 8 + aiys, 

where «i G Z/2. Then we have 

5(7*^8 = SaVgCAg) = w 8 (Ag ) = m 8 + aiy 8 , 
Bfj*M8 = fi<7*W8(Ajj") = W8(A 8 ) = y%, 
and m 8 = w 8 (A^) = Bcr*w 8 (A 8 ") = y 8 + ai(«8 + «iys)- 

Thus we obtain ai = 1 , and the total Stiefel-Whitney class is given by 

w(Ag ) = 1 + y 4 + y6 + yi + («8 + ys)- 

Since the induced representation /JA9 is isomorphic to A^ © Ag~ by (2-2), the total 
Stiefel-Whitney class of f$Ag is given by 

w(fiA 9 ) = w(A+)w(A~) 

= 1 + (ys + yi) + O^ys + yi) + Ows + y?) + y/ys + ( M l + y% u %)- 

Since Bf* : //*(£ Spin(9); Z/2) -► //*(£ Spin(8); Z/2) is a monomorphism, the total 
Stiefel-Whitney class of the spin representation A9 is given by 

(4-1) w(A 9 ) = l + (y 8 + y\) + (y 4 ys + y\) + + y?) + y7ys + «i6- 

Recall from (2-3) that we have f^A^ = 1 © A 2 © A 4 , where A ! is the /-th exterior 
representation SU{5) — > St/((.)). In a similar way to the Stiefel-Whitney classes of 
/-the exterior representations, we can calculate the mod 2 Chern classes of the i— th 
exterior representations A' using the Borel-Hirzebruch method; the mod 2 total Chern 
classes are given by 

c(A 2 ) = 1 + c 2 + c 3 + (c 4 + c|) + C 5 + (C3 + C 2 ) + c 2 c 3 + (C3C5 + c 2 c 4 + c 2 c 2 ) 

+ (c 3 + C 2 C 5 ) + (cj + C 2 C 3 C 5 + C3C4), 

c(A 4 ) = 1 + C 2 + C 3 + C4 + c 5 , 
where q G H*(BSU(5);Z/2) is the mod 2 /-th Chern class. By (2-1), we obtain 
wi6(?|(Aj,) R ) = c 8 (rj A+ ) = c 3 c 5 + C4 + c 2 . 
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Since Br* : H l6 (B Spin(10); Z/2) -► // 16 (fiS£/(5); Z/2) is an isomorphism, the above 
equality gives 

wi6((A+) M ) = j6jio + y\ + yt 

Using the Wu formula, we obtain the total Stiefel-Whitney class 
w((A+) R ) = c(A+) 

(4-2) + (y 4 y 2 w + yeysyio + yiWio + y£yi + )4) 

+ (ysjio + y^io + ymysyw + yhw + y&l + )4) 

+ OlO + + yeJsyiO + )%|) + "32- 

Note that c(Af ) = c(Aj~ ), since A^, and A^ are conjugate to each other. Using 
it, we can obtain the total Chern class c(pg) for the representation p^\ —> SU(21) 
mentioned in the introduction, since we have by Corollary 8.3 of [2] that the induced 
representation 

Spin(10) — ► E 6 — ► SU(27) 

is a direct sum of the one dimensional trivial representation, and the composition 
map 

Spin(10) — ► 50(10) — ► 51/(10). 

Recall from (2-2) that f? ((A n )c) = A+ A K) , which gives w(f* Q (A n ) R ) = 
w((A ^)r)w((A^)]r) . We consider the homomorphism 

Bft : #*(5Spin(ll);Z/2) — ► #*(flSpin(10);Z/2), 

where we see that a basis of Ker Bf* Q of degree 32 is given by 

town, y4yey 2 n, yeyiymu yfyu, ybeyiyn}- 

So we can write as follows: 

w 3 2((Aii) R ) = aiyioJii + cny\y(,y\\ + a 3 y 6 y 7 y s yn + a^yn 
+ a 5 y\yeyiyu + y&w + yt + yt 
where a,- G Z/2. By Theorem 2.4, we have 

= Sq 1 W32((Aii) K ) = a\y\ x + a 2 yAyiy 2 n + ^y^ysyn + asyhhn, 
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which implies and a 5 = 0. Again by Theorem 2.4, we have 

= Sq 4 W32((Aii) M ) = a0^jy\ x + ybui 
which implies 04 = 1 . Further by Theorem 2.4, we have 

= Sq 30 w 3 2((Aiik) = ( fll + mlylyloyu + ytyb 2 n + yWn), 

which implies a\ = 1 . Thus we obtain the total Stief el-Whitney class 
w((An) R ) = c((A n ) c ) = p(A n ) 

= 1 + Oio^ii + yAyey 2 u + y&myn + ybu + yjylo + y\ + y\) 
+ (yhioyu +y4y6yly\\ +y\yw\i +yhe>y\\ + yty&ioyn 
+ ylysy 2 n +yt>yiy\yn + je^io-Vii +yW73 ; 83 ; ii 
+ ylyh%yn + ybbn + ybbn +yblyn + ybb 2 o 

2 4 422 44 8\ 

+ wio + y Ay ey 10 + w« + ye) 

+ (ylylyii + ylyfyioyii +^6^8)^1 + ^loyii 

+ ^4^10^1 1 + ybhwli + ybb&y 2 n +yey&yioyii 
+ y 2 y6yiylyu +ylyiy%yu + ytybn + ylyjyjyjo + yeAo 
+ ybto + yfato + ytyt + y?) 

+ (yhioyii +yly 3 \oy 2 n +yWioyii + ^4^6^10^11 +ybsy 2 i 
+ ^8^10^11 +ylyiylyn + ybb 2 u +ybn +ybbhu 
+ ybbw + ybbio + yhn + y% + yh\\ + ybt) 

+ M64- 

Recall from (2-3) that rg(A| 2 ) c = 2 © A 2 © A 4 , where A' is the i-th exterior 
representation SU(6) — > SU(fy). In a similar way to the case of the i-th exterior 
representation 51/(5) 51/(0)), we obtain the mod 2 total Chern classes 

c(A 2 ) = c(A 4 ) = 1 + (c 3 c 5 + c\ + c 4 ) 

+ (C2C5 + C3C6 + C3C4C5 + C2C3C5 + C2C4 + C3 + Cg) 

+ (C 3 C 5 C 6 + C4C5 + C2C5 + C2C3C6 + C2C3C4C5 + C3C5 + C3C4) 

+ (C5 + C2C3C5 + C3C6 + C3C4C5), 

where a G H*(BSU(6);Z/2) is the mod 2 i-th Chern class. Then by (2-1), 
W32(^(A+k) = ci6(r 6 (A 4 2 )c) = c 2 3 c 2 5 +c\ + ci 
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Recall from (2-2) that ^A^ = An, which gives / u w((A+ 2 ) M ) = w((An) K ). We 
consider the homomorphism 

Bf^®Bf* 6 : /T(BSpin(12);Z/2) H*(B Spm(U);Z/2) e H*(BSU(6);Z/2), 

where we see that a basis of Ker B/ u © Bf^ of degree 32 is given by 

{yeyhn}- 

So we can write as follows: 

W32((A+)k) = aiy 6 yjyn + yioyu + yAyeyli + y6yiy%yu 

+ V7V11 +yly 2 w + yt+yl, 

where a\ € Z/2. By Theorem 2.4 we have 

= Sq 1 w 3 2((A] t 2 )i R ) = a\y}yv2+y\\ +y^yiy 2 n + yjy%yu, 
which implies a\ = 1 . Thus we have 

W 3 2((A+)ir)=V6V7Vi2 + JlOjll + ^Wll + V 6V7.V 8 V 1 1 + V7V11 + ^10 + + J4> 

and the total Stiefel-Whitney class is given by 

w((A+) M ) = c((A+) c ) =/?(A+) 
(4-3) = 1 + w 32 ((A+k) + Sq 16 W 32 ((A+ ) M ) + Sq 24 w 32 ((A+) R ) 

+ Sq 28 w 3 2((A+k) + w 64 . 

In a similar way, we can obtain w^iiA^m) which is equal to w^iiA^M.) . In 
order to determine the total Stiefel-Whitney class of (A~[ 2 )m., we need to calculate 
w M ((A~ 2 ) R ). From (2-4) we have r^((A 12 ) c ) = A 1 © A 3 © A 5 , for A' the i'-th 
exterior representation SU(6) — > St/((^)). Similarly to the case of the i-th exterior 
representation 51/(5) -> St/((-)), we obtain the mod 2 total Chern class 

c(A 3 ) = i + 4 + 4 + (4 + 4) + 4 + (c 2 6 + 4 + 4) + 44 

+ (44 + 44 + 44) + (44 + c 3) + (4 + + 444 + 44), 

c(A ! ) = c(A 5 ) = 1 + c 2 + c 3 + c 4 + c 5 + c 6 . 
Then by (2-1) we obtain 

W64(76(A~)]r) = Cn(rl(A~ 2 ) C ) = 4(4 + C 2 C 6 + 444 + C 3 C 4)- 
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Recall from (2-2) that/J^A^ = An, which gives w(/' 1 * 1 (A 12 )i 8 ) = w((Ah)r), and 
hence we obtain 

w 64 ((A 12 ) M ) = u M + yj yj 2 + y\y\ 2 + ylyly 2 w y\ 2 + ybhn 
mod KerB/fj ®B?l, 
where B/j* : #*(flSpin(12);Z/2) — ► H*(BSpin(ll);Z/2), 

fir^: #*(flSpin(12);Z/2) — > H*(BSU(6);Z/2). 

In order to determine W64((A^)r) exactly, we use the method of indeterminate 
coefficients; using the equations Sq" W64((A]~ 2 )r = for n = 1,2,4,62, we can 
determine all the indeterminate coefficients, and hence the 64-th Stiefel- Whitney class 
is given as follows: 

w 64 ((A~ ) K ) = u 64 + yf yj 2 + yloAiyn + ytyu + 3^10^11^12 

+ 3 ; 43 ; ?3 ; ii3 ; i2 + y\y\\y\i + ybmify + ybbnyn 

+ y\y\l + ^4^6^12 + ^4^6^11^12 + 3 ; 43 ; 63 ; 73 ; 83 ; ll3 ; 12 

+ yfabnyu + ywhiynyu + y\y\y\tiy\i + y\y\y\i 
+ y&iysyn + ybbwyiiyn + ywhlynyn 
+ y\yiy\y\\y\2+yiy\y\i- 

Thus we obtain the total Stiefel-Whitney class 

w((A n ) R ) = c((A- 2 ) c ) =p(A n ) 

(4-4) = 1 + w 32 ((A+) M ) + Sq 16 w 32 ((A+) M ) + Sq 24 w 32 ((A+) M ) 

+ Sq 28 w 32 ((A+) M ) + w 64 ((A7 2 ) M ). 

Using it, we can obtain the total Pontrjagin class p{p-i) for pi : £7 —> 5p(28), the 
representation mentioned in the introduction, since we have by Corollary 8.2 of [2] that 
the induced representation 

Spin(12) — ► E 7 — ► Sp(2S) 

is a direct sum of 

A n : Spin(12) — > 5p(16) 

and the composition map 

Spin(12) — ► 50(12) — ► SU(\2) — ► 5p(12). 
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Recall from (2-2) that/^An = A+ © A~. Then we have 

w(f 1 * 2 (Ai 3 )R = w((A+) M )w((A- ) R ). 

In order to determine W64((Ai 3 )k), we use the method of indeterminate coefficients; 
using the equations Sq" W64((Ai 3 )r) = for n = 1, 2,4, 8, 62, we can determine all 
the indeterminate coefficients, and hence the 64-th Stiefel-Whitney class is given as 
follows: 

W64((A 13 ) K ) = y u y 4 n +yly 4 u +3 ; 43 ; io3 ; ii3 ; i3 + ybny 3 n + y^nynyb 

+ ymy\iyny 2 n +y6y 2 w yi2y 2 u + yeywynyb + y^wynyny 13 
+ y 4 wynyi3 + yb 4 n +ybeynyi3 +y^yhn +y&&yny 2 3 
+ yh 2 yny 2 3 + yhiy&yiiy 2 3 + ytybnyu + yb&yny 2 2 yi3 
+ yAy(,yiy\\yny\3 +y 2 .y 2 ynyny\3 + yb^yny\2y\3 
+ ybbnyny\3 +yey 2 y^ynynyi3 + y 4 yuynyi3 + yyy&yfiyn 
+ yb>6y7y 3 i3 + ybbny 2 3 + ybbnyn + ybbiynyb 
+ ybbb 2 3 + y4ybb&y 2 3 + ymybh + yiWioyiiy^is 
+ y 2 .y6y 2 ynyny\3 +y<\ybuyuy\3 + ybiysynyn + y4ybnyi3 
+ y 2 yly 2 yny\3 + ybbnyu + y4y 4 y»ynyi3 + ybbn +3 ; Vi2 
+ yloyiiyn + ybn + ylywy 2 uy 2 u + yAy 2 y 2 \y 2 n + y\y\\y\i 
+ ^7^8^11^12 + y 2 y\y\\y\2 + ybn + yb&bn + ^4^6^11^12 
+ yly^ymynyu + ybbnyn + y4ybmiyh + ylybmyli 
+ ybbn + yb 2 y&y 2 2 + ybbwyiiyn + ywbbnyn 
+ ybiybny 12 + ybbn + ybbn + y 2 oy 4 u + ybbn 
+ ybbbn + ybn + ybto + yl + yf- 

Thus we obtain the total Stiefel-Whitney class 

w((A 13 ) K ) = c((A 13 ) c ) = XA13) 

= 1 + W64((Ai 3 )r) + Sq 32 W64((Ai 3 )h) + Sq 48 W64((A 13 ) K ) 
+ Sq 56 w 64 ((A 13 ) M ) + Sq 60 w 64 ((Ai 3 ) K ) + u m . 

Recall from (2-3) that if \' is the i-th exterior representation SU(7) —* >St/((])) then 
^((A^c) = 1 © A 2 © A 4 © A 6 . In a similar way to the case of the i-th exterior 
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representation SU(5) — > St/(0)), we obtain the mod 2 total Chern classes 

C(A 2 ) = \+C 2 +C 3 +C4+C 5 +C( ) +C 1 +{c 3 C 5 +cl+C2)+{C2C 3 C 5 +C2cl+C2) 
+(cjc 5 +C 3 cl+C 2 l C3) 

+{c\+C2c\+c\c^+c\+c\c3Cs+c\c\+c\+c\c4+C2C3C-]) 

+(c 3 cj+cjc 5 +cjc 5 ) 

+(c 2 cl+clc6+C 4 cl+clc 5 +C 3 l cl+C2C6+clci,C 5 +clcl+C2C 3 i 
+C 2 C 5 C 7 +C 7 ) 

+{c 3 c\+c\+c\c] i c 5 +c\c 3 c\+cl+c 3 c 5 c 1 +c 2 4 c 1 +c\ci) 

+(C4cl+C2C3C5C6+clc4C(,+C 3 cjc5+clcl+clclc 6 +clcl+C2clc5 
+C 2 C 3 1 cl+C 3 i C4+C2Ci,C4.C 7 +clc 7 +clc 3 C 7 +C2Cj) 

+{c 5 c\+c\c 3 c\+c\c 2 A c 5 +clcl+c 3 c 7 ) 

+(cl+C2clce+C 2 cl+C 3 C 3 5 +clcl+clc 3 C 5 C 6 +clclc6+clc4cl 

+C2C3C4C6+C2C3C5+C2C3C4C5+C3C4+C2C3C6C7+C2C4C5C7+C2C5C7 

+C2C3C4C7+C4C7) 
+{C3cjc( ) +clcl+C2clc 5 C( ) +clc4Ce+C 3 C 5 +C 6 C7+C 3 C( l C 1 +C3C4C 5 C 7 

+clc3C 5 C 7 +clclc7+C 2 clc4C 1 +C 5 C 7 +C2C3Cj) 
+{C3C 5 cl+C4C 2 1 C( ) +cj+C 2 l clc( ) +C2C 3 i cl+C2C3C4C 5 C6+C2C3cl+clc 4 l C(, 

+C3C4C5+C2C5C6C7+C3C5C7+C2C4C5C7+C6C7+C2C7) 
+(c 3 5 C 6 +C2C3cjc 6 +clcl+cjc4C 5 C 6 +C3C 5 C 6 C 7 +C4cjc 7 +C2C3C4C 5 C 7 

+clcjc 7 +c 2 c 5 c 7 +clc3C 7 +c 7 ), 

A. 9 9 9 9 9 

C(A ) = 1+C 2 +C3+C3C 5 +C 5 +(C2C 5 +C 3 C6+C3C4C5+C2C3C7) 

+(C3C 5 C 6 +C4C5+C2C5+C2C3C 6 +C2C3C4C 5 +C2C 5 C 7 +C2C3C7) 
+(Cj +C2C3C5 +C3C6+C3C4C5 +C2C3C7) 

+(clcl+C3cl+C3clc 5 +C4+clcl+clc3C^+clc3C4C 5 +cl+clc5C 7 
+C3C7+C2C3C7) 

+(C3C6+C3C5+C4C5+C2C3C 5 C 6 +C2C4C5+C2C3C5+C3C 6 +C3C4C 5 
+ C 2 C 5+ C 2 C 3 C 6+ C 2 C 3 C 4C5+C2C 5 C7+C 2 C3C7+C2C3C7+C2C7) 

+(c 2 c 5 +c 2 C3cl+clclce+clc 2 ) C4C5+clc 2 t c 7 ) 
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+(C3C 5 cl+cj+C 2 clcl+clc 5 C(,+clclc(,+clc4cj+C3clc 5 +C2cl 

2 2 24 4 3 5242 4 If 

+C2C3C4C 5 +C2C4+C2C3C6+C2C 3 C4C5+C2C 5 +C2C3C6+C2C3C4C 5 +C2' 

+c^c] i c 1 +c\c3C( } c 1 +C2C3c\c 1 +c\cac 1 +c\c 5 c 1 +c\c3C 1 +c\cj 
+c 3 2 c 2 7 ) 

+(c\c\+C2c\c\+clc6+c\cA r c 5 +c 2 c\c 1 ) 

+(clcl+C2cj+clclce+C3clc 5 C(,+C3C4C 3 5 +clcl+clc3C 3 5 +C2clclc 6 

+C2C 3 clc 5 +C^cl+clclc 5 +clc 4 +C2C3C 5 C 6 +C2C4cl+C 2 cl+C2clc 6 
+c\c3C4C 5 +c\c\+c\c 1 +c\c 5 C 6 C 1 +C2C3c\c 1 +C 2 c\c 5 C 1 +c\c4C 5 C 1 
+c\c3C6Cl+c\c3clci+C2c\cACl +C3C7 +C2C5C7 +C2C3C7 +C3C5C7 
+C2C3C7) 

+(C4Cj +C2C3C4C5 +C3CIC6+C3C4C5 +C2C5 +C2C3C5+C2C3C6+C2C3C4C5 
+C3C5C7+C2cfc6C7+C2C3C 5 C7+C2C3C4C7+C3C4C7+C2C3C7+C2C 5 C7 

+clcj+c\c3Cj) 

+(c^+C2cjcl+clcl+C3C4C 5 cl+C3C 3 5 C6+C4cj+clc3C 5 cl+clcjcl 

+clc 4 5 +C2C3clc6+C 2 C3C4cl+C 2 ci,cl+C3C(,+clc4C 5 +C2cl+cjclcl 
+C2C3C4C5 +C2C4+C3 +C2C5 +C2C3C6+C2C 3 C 4 C 5 +c|c 3 C 5 +C2C3CgC 7 
+C3C4c\c 1 +c\c 5 C^C 1 +c\c3C4C 6 C 1 +c\c\c i C 1 +C 2 c\c 1 +C2C 5 C 1 
+C2C3C7+C2C3C7+C5C7+C2C4C7) 

+(C5+C2C3C5+C3C5C6+C3C4C5+C2C3C5C7) 

+(C3C 5 cl+C4cjcl+clcjcl+C 2 clcl+C2C3C4C 5 cl+clc 5 cl+clcjcl 
+clc 5 C(y+C3C4cl+C2clcl+C2C3cl+C2clcj+clc3cj+C2C3C(, 
+C 2 clc4C 5 +C2C3C 5 C(,+C2C4cl+clclcl+C2C3Ce l +C2clc4C 5 +C 7 2clc6 
+c\c3C4C 5 +C2C 5 c\c 1 +C3c\ceCl+C4c\c 1 +c\c4CsCeCl+c\c i 5 C 1 
+C2C3C5C6C7+C2C3C4C5C7+C3C4C6C7+C3C5C7+C3C4C5C7+C2C3C5C7 
+C2C3C7+C2C5C7+C2C3C7+CIC3C7+C2C5C7+C3C6C7+C3C4C5C7 
+C2C6C7+C2C4C7+C2C3C4C7+C2C7+C2C3C7) 

+(clcl+C2C3cjcl+clcl+clc 4 C 5 cl+C3cl+C2C3cl+clc 6 +C3C4C 5 
+C2C 3 5 +C 1 2 C3cl+C2clc6+C2C3C4C 5 +cjc 7 +clclc 6 C- ! +C2clclc 7 
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+C2C3C5C7+C3C4C5C7+C2C3C7+C2C3C7+C3C5C7+C2C3C6C7 
+clc 4 c 5 c^+c 3 2 c 3 7 ) 

+(clclcl+C3cl+clcj+C2clcj+cjcjc 6 +clc4cl+C2C3C 5 cl+C2C5 
+clcjcl+C^cl+clclc5+cjc'l+clclcl+C2clc 5 C6+C2clclce 
+C2C3C4C5+C2C3C4C5+C2C3C5+C2C3C6+C2C3C4C5+C2C6+C2C3C4C5 
+C2C4+clc3C6+clclc4C 5 +clcl+C 3 5 C 6 C 7 +C 2 C3clc 6 C 1 +clclc 1 
+C 3 C4C 5 C6C 1 +C2C 3 C 5 C 1 +C 2 C3C 5 C 1 +C 2 C 3 C 5 C 1 +C 3 C- ! +C 2 C3C 6 C- ! 
+clc 3 clc 7 +C2clc4C 1 +clclc 1 +clc 5 Cj+C 3 C 5 C6Cj+C 4 clcj+clclcj 
+C2C3C 4 C 5 C7+C3c|c7+C2C3C7+C2C7+C2C5C7+C2C 3 C 7 +C7) 

+(C2clcl+C2C3cl+C2C 3 ]c6+C2C 3 C4C 5 +clc 3 C 1 ) 

+(C3c\c6+C 3 C4C*+c\c\c\+c\c 3 l c\+C2C^^ 

+C 3 clcl+clc^+C2C 3 clc^+C2C3clc5C(,+C2C3C4cl+C2C4C^ 
+C2C3C5C6+CIC3C4C5+C2C3C5+C3C6+C3C4C5+C2C3C5+C2C3C4C6 

+c\c 3 c\c 5 +c\c 3 3 c\c 5 +c\c 3 l c\+c\c 3 C6+^ 

at. 9 3 9 f\ S 9 S 9 49 

+C 2 C 5 C7+C2C3C 5 C7+C2C5C6C7+C2C3C 5 C7+C2C4C5C7+C 2 C3C4C5C7 

+C2C3C 5 C7+C2C3C7+C2C3C 6 C7+C2C3C4C7+C2C3C4C7+C2C3C 5 C7 
+C2C 3 clc6+C2clclc 5 +clclcl+clclc6+clc 3 C4C5+C2C 3 clc7 

+c\c 3 c\c 1 +c\c 3 1 C(,ci+c 2 C3C5Ci+c\c3 l c\cj+^ 

+C 2 C 5 Cj+C 2 C 3 Cj+C 2 C3Cj) 
+(cjcl+C2C^+C 3 cjc(y+C3C4cl+C 2 C^+clclcjcl+clc3cl+clclc 4 5 

+c 3 c\c\+c 3 c\+c 2 c\c\+c\c 3 c\^ 

+clc 3 cj+clc 3 cjc 6 +clclc4cl+C2C 3 clcj+clc 5 C( > +C 3 clce+C 3 C4cl 

+C3C4C5+C2C3C5Cg+cfc4C6+C2C5+C2C3C5C6+C2C 3 C4C5+C2C3C6 

+clclclc 5 +clc' 3 l C4+C2clc6+C2C 7 3 C4C 5 +clc 5 +C 5 5 C 7 +clc 3 5 C 6 C 1 

+c 2 c 3 cjc 7 +clclc 6 cj+c 2 c 3 clc(,c 1 +clclclcj+clc 3 C4C 5 c ( ,cj 

+C2C 3 C 5 C 6 C 1 +clc4C 6 C 7 +C 3 cjc 5 C 1 +C2C3clc 1 +C2C3C4clc- ! +clclclc 1 
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+C2C 3 CeC 7 +C2C 3 C 4 C 1 +C 3 C4.C 1 +C2C5C(,C 1 +C2C3C4C6C 1 +C 2 C 4 C 5 C 7 
+C2C^C 5 C 7 +Ciclcj+clc3C 5 C6Cj+clc4clcj+CjC(,Cj+clc4C 5 Cj 
+C2C3C4C5C7+C2C3C4C7+C2C3C4C7+C3C7+C2C3C7+C2C4C7+C2C5C7 
+C2C3C7+C2C3C7) 

+(C2cl+C^cl+C2C3cj+C2clclc6+C2clc4cl+C2C 7 3 cl+clc6+clc4C5 
+C2C3C5C7+C2C3C7) 

+(C3C5C6+C4C5+C2cf+C2C3C5C6+C2C3C 4 C5+C3C5+C3c|c5+C2C3C 5 C6 
+C2C4C5C6+C2C3C5C6+C2C3C4C5+C3C4C 5 C6+C3C4C5+C2C5Cg 
+C2cfc6+C2C3C4C 5 C6+C2C3C 5 C6+C2C3C4C6+C2C3C5+C2C3^ 
+C2clc4C 3 5 +clclcl+C2C^clc(,+C2clc4C5+C 1 3 clc5+C^c'l+C2C 5 5 Cj 
+clcsC^C-!+C 3 C 3 5 C 7 +clc 5 clcj+C2C3clc(,CT+C2C4clcj+clcjc 3 5 C 7 
+c\c\c^C( l C 1 +C2c\c\csC 1 +c\c4CsC 1 +C2C4CsC( l C 1 +c\c\c 1 
+clc^C 5 C( l C 1 +clc3C4clcT+C2clc4C(,C 7 +C2clclc 5 C 1 +clclc( l C 1 
+C2C3C4C7+C2C3C4C7+C3C7+C2C3C5C7+C3C5C7+C2C5C7+C2C3C6C7 
+C 2 C3C4Cs(^+C2C^+C2C6(^+C2cI(^+C2CsC^+C2C3Ct) 

+(C5+C 2 C 3 cf+C3C5C6+C3C4C5+C2C5C6+C2C3C5+C3C4C5+C2C^ 
+C2C3C6+C2C3C4C5C6+ C 2 C 3 C 5+ C 2 C 3^ 

+C3C4C6+cfc4C 5 +C2C3C5C7+C2C5C7+cfc5C7+C2C5C 6 C7+C2C3CgC7 

c q /I O O Q /I O OA O AO 

+C2C3C 5 C7+C2C3C4C 5 C7+C2C3C 5 C7+C2C3C6C7+C2C 3 C5C7+C2C3C4C7 
+C3C4C7+C2C 3 C5C 7 +C2C3C5C7+C3C7+C2C3C6C7+C2C4C 5 C7+^ 

c(A 6 ) = I+C2+C3+C4+C5+C6+C7. 
By (2-1), we obtain 

C 32 (l © A 2 © A 4 © A 6 ) = C3C5C7 + C5C7 + CjCg + clc 5 Cj + C2C3C 5 C 6 C 7 + C2C4C5C7 

+ C2C5C6C7 + C2C3C7 + C3C6C7 + C3C4C5C7 + C3C5C6C7 

43 422 4 4 3 2 3 2 

+ C 2 C 3 C 7 + C 2 C 5 C 7 + C 2 C 6 + C 2 C3C4C 5 C 7 + C 2 CsC 5 C(,C 7 

+ c\c\c=,C^ + c\c\c\c-l + C2C3C4C7 + C2C3C4C5C6C7 

O O ^ OOOO /I O /I AO 

+ C 2 C 3 C 5 Cl + C 2 C 3 C 5 C 6 + C2C3C4C7 + C2C3C5C6C7 + C3C7 
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+ C3C4C6C7 + C3C4C5C7 + c\c\c\ + c\c\ + c\ + Cj 6 . 

Recall that /i* 3 = (Ai 3 ) c , which gives w^A^r) = w((Ai 3 ) M ). In order to 
determine W6 4 ((A]^)]r), we use the method of indeterminate coefficients; using the 
equations Sq' 1 W6 4 ((A]^)]r) = for n = 1, 2, 4, we can determine all the coefficients, 
and hence the 64-th Stiefel-Whitney class is given as follows: 

w64((A£)r) = ynynyu+yAyeyn/u+ylynynAA+ymofnfu+yeyloyu 

+V4V7V 1 3yi4+y 4 Vl0VllVl2yi3yi4+V7VllVl2Vl3yi4 

+ymy 2 nynyu+y6yioy 2 nyi2yu+y8y 2 ioy 2 nyu+y\oyu 

+y 3 4yioyu+y4yly 3 i4+ylyiiyi3y 2 4+y 2 4y6yioyi2y 2 u 

+y4y6y 2 yny 2 u+y6yuy 2 \4+y^y0iy^yny 2 i4+ylyiyny 2 i4 

+y&&y 2 oy 2 4+yly8yioy 2 4+y4yiy 2 3yw+y4y6yny\2yi3yi4 

+y4y7ynynyi4+yly7y 2 nyi3yi4+yjy8yioynyi3yi4 

+y4y 2 y8ynyi3yi4+y 3 jyiyi3yi4+yiy7yny 2 2 yu+y4yly 2 iyi2yi4 

+y6yiynyi2yi4+y4y 3 \oynyi4+yly 2 oynyi4+y6y 2 y&y 2 nyu 

+V4J6J14 +yhiy 1 3y 2 \4 +y\yeyiy 1 iy ? 4 +3^ 10J14 

10J 14 +^4^6^ 1 14 +^4^6^!^ 14 +3 ; 4> , 63 ; 83 ; 14 

+y4y\y 2 y ? 4 +y e.y ? 4 +3^63 s.y 1 m 3? 14 + v 4 y ?y 1 iy 1 3? 14 
+v 4 yey7yiyi33 ; i4+y 4 y6} ; i2} ; i4+y 4 y63 ; io3 ; i2yi 4 

+> , 43 ; 63 ; 83 ; 10J 1 2^ 14 +3'43 ; 63 ; 1 1 1 4 +^4^7^!^ 1 2^ 14 
+3 ; 43 ; 63 ; 73 ; 83 ; 123 ; 14+3 ; 63 ; 83 ; 123 ; 14+3 ; 43 ; 63 ; 73 ; 123 ; 14+y43 ; 63 ; 83 ; ll>'l4 

+y4y6y 3 7 ysynyu+y 2 4ylywyu+ytylyioyu+yly 2 ylyi4 

+^6^1^14+^ 1 2y \ 3 +^13 +^4^ 1 1 1 V 13 +y?y 1 iy 13 
+^43^11^12^3 +J7 J8y 1 1^1 2J 1 3 +^6^10^12^3 10JI lJ 13 

+ys) ; ?o:yii:yi2) ; i3+) ; Vii) ; i3+^ 

+3 ; 6>'S3 ; 1 2J 1 3 +^6^7^ 1 2J 1 3 +3 ; 63 ; 73 ; 83 ; 1 1 ^ 1 3 +^6^ 1 1 ^ 1 3 
+3 ; 4>'S3 ; 1 1 J 12^ 1 3 +J43 ; 63 ; 73 ; 1 1 J 1 2J 1 3 +^4^10^ 1 1^ 1 2^ 1 3 

+ylywyny\2y\3+ylylyny\2y\3+y6y 2 y%y\iyny\3 
+y% iyny 13 +y 3 y%y\ \yn +yly6yiy 3 i3 +yly 2 yny ? 3 
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+yblyuy 2 n +yblyiyuy 2 n +ybiyly\?, +y4yb 2 y»y 2 3 

+y4y6yiy 2 3+y4y6yioynyi2yi3+yly6yiynyi2yn 

+y4ytyuyny\3+y6y7y&ynyi3+y4y 5 7 ynyi3+ylyly 2 oynyi3 

+yiylynyn+y4yiy&ynyi3+y 5 1 yiyu+y 4 w y 2 2+y 3 wy 2 nyn 

+yiy 3 i2 +y 2 ywy 2 ny 2 2 +y4y 2 y\ \y\% +^6^11^12 +y 3 y%y 1 iyh 

+y 2 ylyny\2+ytyi2+y 2 y6y 2 yn+y4y6y 2 ny 2 n+yb6y7y&yny 2 2 

+yhb 1012 +y4ybiy uy 2 n +y 2 4yly 2 wy 2 n +ytyiy 2 n 

+yly 2 y8y 2 2+y4ylyioy 2 n yn+y4y7yiynyi2+ylyiylynyn 

+y7ylyi2+yly 4 7y 2 2+y 2 oyn +ylyb\ 1 +yly 2 yly 2 u +yiy\\ 

+yty 4 +yl+yl 6 - 



Thus we obtain the total Stiefel-Whitney class 
w((A+) K ) = c(A+ ) 



= 1 + w 64 ((A+k) + Sq 32 W 64 ((A+) R ) + Sq 48 W 64 ((A+) R ) 
+ Sq 56 w 64 ((A+k) + Sq 60 w 64 ((A+) M ) + Sq 62 w 64 ((A+) M ) 

+ «128- 

Note that c(A^) = c(A^ 4 ), since A^ and Aj~ 4 are conjugate to each other. 

Recall from (2-2) that /j^Ajs = (A+) R , which gives w(ff 4 Ai 5 ) = w((A+) R ). In 
order to determine W6 4 (Ai5) , we use the method of indeterminate coefficients; using the 
equations Sq" W6 4 (Ai 5 ) = for n = 1, 2, 4, 8, we can determine all the indeterminate 
coefficients, and hence the 64-th Stiefel-Whitney class is given as follows: 

w 64 (A 15 ) = yioy 3 i3yi5+yly 2 3y 2 5+y4y6y\iyi3y 2 i 5 +yiyi3y 2 5+y4y 3 ioy 2 i5 

+3 ; 43 ; 73 ; ii3 ; i33 ; i43 ; i5+>'43 ; io3 ; ii3 ; i43 ; i5+3 ; 43 ; 83 ; ii3 ; i33 ; i5 
+J63 ; 73 ; ii3 ; 123'133 ; 15+3 ; 43 ; io3 ; ii3 ; 133 ; 15+3 ; 63 ; 83 ; ?i3 ; 133 ; 15+3 ; 73 ; ii3 ; 133 ; 15 

+y6ywyi3yi5+y6y 2 ynyi2y\5+y&yioynyi5+ylyiy 3 \5 
+y4ybny 2 i 5 +y4y 2 ny 2 5+ylyiysyny 2 i5+y4yly7yny 2 l5 +y6y7y 2 i5 
+y 2 4yeyiy 2 4y 1 5 +y\y ioy ny uyis -\-y4yb \3yuy\5 
+y 2 4y0\oyny\4yi5+y4y6ybny\4yi5+y 2 y(,y 2 uyny\5 

+3 ; 4J63 ; 7>'83 ; 113 ; 133 ; 15+3 ; 43 ; 63 ; 103 ; 133 ; 15+3 ; 43 ; 63 ; 13 ; 103 ; 133'15 
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+y4ybnyi5+yly7ynyi2yi5+y4y7yly 2 nyi5+y6y7y8y 2 nyi5 
+y6yhnyi5+y4ywynyi5+yly 2 oynyi5+ylyi4y 2 5+yty8ywy 2 5 
+y 3 4yeyly 2 5 +ybb&y i s ^ybbbis +ywb is +yty6yuyuyi5 

+> 7 43 7 73 ; 1 1 1 5 +>'43 ; 73 ; 8^ 1 4j 1 5 +3 ; 43 ; 6>'73 ; 8j 1 4j 1 5 +^4^7 J?3J 1 5 
+yWl23 ; 133 ; 15+3 ; 43 ; 63 ; 123 ; 133 ; 15+3 ; 43 ; 63 ; 83 ; 133 ; 15+3 ; 63 ; 133 ; 15 

+y4y6y7y 2 2yi5+y 4 4yioynyi2yi5+y4y6y7yiyi2yi5+y4yiyiyi2yi5 
+y4y^y 2 oynyi5+y4ytyioynyi5+y4y 2 ylynyi5+y4yly 2 y»ynyi5 

+3 7 63 ; 83 ; 11^15 +3 ; 4>'63 ; 73 ; 1 1 J 1 5 +^6^7^ 1 1 J 1 5 +>'43 ; 73 ; l>' 1 5 +> , 63 ; 7>'i3 ; 1 5 

+^6^1^15 +y eybsy is +ybis +ybioy 2 5 +yb 2 y 2 s +ylybis 

+J43 7 ! 1 y 14^ 1 5 +3 ; 4> , 63 ; 73 ; 1 4^ 1 5 +^4^ 1 2^ 1 3^ 1 5 +3 ; 43 ; 6>' 1 1 3^ 1 5 

+y 4 4yly&yi3yi5+y4y6y 2 ynyi5+y4ybnyi5+yb7ynyis 

+ybbm ms+yi i^h+wwIjA+^i 0bA 

+y4yioy 2 ny 2 4+ye>ywy 2 4+y4y7yhyi4+y4ywynyi2yi3yu 

+y 2 ynynynyi4+y7y^y 2 nyi3yi4+y6ywy 2 nynyu+ysy 2 w y 2 nyu 

+ywyi4+ybioy 3 i4+y4yb 3 i4+ybnyi3y 2 4+y 2 4y6yioyi2y 2 4 

+y4yty 2 y 1 2y 2 u +yb 1 2y 2 l4 +y4y6y7y&y uy 2 u+yly7yuy 2 u 

+y 2 4y&y 2 wy 2 i4 +ybmoyi 4 +y 2 4 yly 2 3yw+y 2 4 y(>y 1 lynynyu 

+y4ybi2yi3y\4+yb7y\\yi3yi4+yly'&ywyi\y\3yi4 

+y4yb%yuyi3yi4+yblyi3yi4+y 2 4y7yny 2 \2y\4+y4yly 2 uy\2yi4 

+yeybnyi2y\4+ybwy\2yi4+yb 2 wyi2y\4+y6y 2 y?,y 2 \yi4 

+y4y6y 3 4+y4y7yi3y 2 4+y 3 4y6y7yny 2 4 +y4y 2 oy 2 4+y 3 4y6y&yioy 2 4 

+ybb i oy 2 i4 +y 2 4ylyiy 2 4 +y4ybsyi 4 +y4yb 2 y 2 u +yb 2 4 

+yb(>y8ynyi3yu+yiy 2 ynyi3yi4+yiy6y7ylyi3yi4+ylyly 2 i2yi4 

+y4y6y 2 Qyi2yu+ylylysywynyu+y4yiyioyi2yu+yly 2 ylyi2yu 

+y4yly 2 ym2yu+ybsynyi4+y4y6ybnyi4+y4yiy&y 2 nyi4 

+y4y6ybsyi \y 14 +y 2 4ybwy u +ybbwy 14 +yb 2 ybi4 

+y6yblyi4+yi2y 4 i 3 +ylyi3+y4yioyny 3 i3+y 2 ynyl3 
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+yAyuyuyu+yiy%yuyi2yn+y6ywyuyu+yeywyuy 2 u 

+3 ; 83 ; ?0> , 1 1^ 1 2^ 1 3 +^0^ 11^13 +^^3 +^4^6^ 1 1 +3 , 43 ; 7> J 1 3 

+yly^y\2y\3+ylyhi2y\3+ylyiy^yny 2 n+y(>yiyuy 2 n 

+yly^yuy 2 nyn+y'iy(,yiy\iyi2yn+y 2 ,y 1 u)yny\2yi'i 

+yhwyuyi2yn+y 2 6ylyuynyu+y6y 2 y%yny\2yi3+yiyuynyn 

+yb&y 2 nyi3+y4y6y7yu+yly 2 yi2y 2 3+y4y6yi2y 2 3+yiy6yiyiiy 2 3 

+y4y 2 yly 2 u+y4yly7ysy 2 n+y4y6yiy 2 i3+yly6yioynyi2yi3 

+y4y6y 2 ynynyi3+y4ytynynyn+ytyiysynyn+y4y7ynyn 

+y4yly 2 ioynyi3+ytyiynyi3+y4yiy&yiiyi3+yiylyi3+yioy 2 2 

+ywynyn+ytyn+yhioy 2 ny 2 2+y4y 2 y 2 ny 2 2+yly 2 ny 2 2 

+ybsy i iy\2+yhly\ \yn +y\y\2 +y 2 4y<*y 2 y\2+y\y(>y\ 1 y 2 u 

+y 2 4yeyiy?,y\ \y 2 2 +ylyiy\ \y 2 2+y4yhm lyn+yfohioyn 

+y6yiy 2 2+yly 2 ysy 2 l2 +y 2 4y 2 6yioy 2 nyi2+y4y 3 7 ylynyn 

+ylyiyiynyi2+yblyi2+yhb 2 2+y 2 oyn+y 2 4y 2 6yn+ylybly 2 n 

+yiy 2 n+y 4 6y 4 m+yl+y l 4 6 - 

Using the above result on W64(Ais), we have the following theorem. 

Theorem 4.1 The total Stiefel-Whitney class of the representation A15 : Spin(15) — > 
0(128) is given by 

w(A 15 ) = 1 + w 64 (A 15 ) + Sq 32 w 64 (A 15 ) + Sq 48 w 64 (A 15 ) + Sq 56 w 64 (A 15 ) 
+ Sq 60 w 64 (A 15 ) + Sq 62 w 64 (A 15 ) + Sq 63 w 64 (A 15 ) + u m , 

where u U s = wi 2 8(A 15 ). 

5 The Stiefel-Whitney classes of the induced representation 
from the adjoint representation of E% 

Summing up all the calculations in the previous section, we have the following: 
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Theorem 5.1 For the representation A 15 © A} 5 A^ 5 : Spin(15) -> 50(248), the 
Stiefel-Whitney classes of degree 2' are given as follows: 

wi(A 15 ©A} 5 © A? 5 ) = wi(A} 5 © A? 5 ) = 0, 

w 2 (A 15 ©Al 5 © X 2 l5 ) = w 2 {\\ 5 © A? 5 ) = 0, 

w 4 (A 15 ©Al 5 © A? 5 ) = w 4 (A} 5 © A? 5 ) = 0, 

w 8 (A 15 ©Al 5 © Xj 5 ) = w 8 (A} 5 © A? 5 ) = 0, 
wi 6 (A 15 ©A} 5 © A? 5 ) = wi 6 (A{ 5 © A? 5 ) = y\, 
W3 2 (A 15 ffiA} 5 © A? 5 ) = w 32 (A{ 5 © A? 5 ) 

= 3 ; 43 ; n3 ; i3 +^6^7^13 + ylAo + ybn + yl, 

w 64 (A 15 ffiAl 5 © A? 5 ) = w 64 (A 15 ) + w 64 (Al 5 © A? 5 ) 

= yioyhyis + yuyl&u + ynyn + yfohyls 
+ y4y6ynyny 2 i 5 + y4y6y 2 ny 2 4+y4yiynynyuy\5 
+ yAyiy\?,yu + yAymiynyis + ywlJis 
+ y4y 2 oyuyuyi5 + ymoy\\y\iyi5 +y4ywy 2 uy 2 u 
+ yAyioyuynynyu + y4y 2 nyi2y 2 3 +yhnynyu 
+ y6y7ynynynyi5 + yey&yjiyims +J63 ; io3 ; i33 ; i5 
+ yeyloyu + yeyioynynyis + yey 2 w yny 2 n 
+ yeywyuynyu + ybwh + y 2 y 2 nynyis 
+ ybnynynyu + yiysynynyu + ymyuynyn 
+ ysyloynyi5 + y&yioyliyw + y&Aoynynyn + y 5 wyw 
+ yto/n + y\oy 2 nyi2 + ybiAs + ybwynyuyis 
■ ylywyl: ■ yly 2 uy 2 5 + ybny^yis + ybnynyu 
+ y 2 y6yiy 2 i4yi5 +yly6ywynyi4yi5 + ylytyioynfu 
+ y 2 4y0ny 2 i2y\5 + yb^ynynynyu + ybbnyls 
+ y 2 ymyuy 2 5 + y 2 yiyny 2 2 yu + ybiyny^yu 
+ yb&hyu + yb&yloyu + ybmoynynyu 
+ yiy&yny 2 2 yi3 + yjyloynyis + yjyloynyu 
+ yiy 2 wyny\2yi3 +ylyiofny 2 n +y4y&nyuyi5 
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+w^4 +y^ylyiyuy 2 \5 I y4ylAoynyi5 

+ yAyly 2 nynyi4+y4y6yhnyuyi5 + y4y6y 2 yny 2 u 

+ y4y6ymynynyi5 + y4y6ymynyu 

+ y4y6yiy 2 nyi2yi3 + ytyeylyioyuyis +J43 ; 73 ; ii3 ; i33 ; i5 

+ y4yjy 2 2yi5 + ytybnynyu +y4y 2 y&ynyi3yu 

+ y4y 2 y\\y\ 1 + y4yiy\y\\y\5 + ybnyu 

+ 3 ; e3 ; 73 ; ii3 ; i33 ; i5 +3 ; e3 ; 73 ; ii3 ; i4 +3 ; 63 ; 83 ; i()3 ; i33 ; i5 

+ yfa&y wy 2 u + yh&yuyli + ylyloynyis 
+ y&wynyu + y&wynyny 13 + y&ny 2 2 
+ yly 2 ynyny\5 + ybbnynyu + y&bnyn 
+ ylyiy&y 2 ny is + yblynynyn + y&iy\s 
+ yeybny^ + yeybnynyu + yey 2 yly ny 15 
+ y6y 2 y&y 2 iyu + y6y 2 y&ynynyi3 +y*ym3yis 
+ ybn + yjy&ynyu + ybmiyn + yiy&uyn 
■ yhuAs • ytyeynyuyis + yiyeyu + ybiynyls 
+ ytyiyi2yuy\5 +3 ; 4> , s> , io3 ; i5 +3 ; 43 , §3 ; i23 , i33 ; i5 
+ 3 ; 43 ; io3 ; ii3 ; i23 ; i5 +yiyny 2 i2yi3 + y&hnynyis 
+ yly6yiynyi3yi5 + ylyeyiynyu + ybeyiynyis 
+ yly6yb 2 5 +yly6ymoyu + yly^ysynynyu 
+ yhtyioyuyis + yly6y 2 w y nyu + ylyeyioynyny i3 
+ ylyey 2 ny 2 2 + ybiybuyis + ybb&yls + ybbwyu 
+ ybbnyu + ybbnyh + ylybmyuyn 
+ y 2 4ylylyi3y<L5 + y 2 ylyiy 2 4 + ylyly&ywynyu 
+ ylylywnyu + ylybloyu + ylyly^yn 
+ y 2 ylywy 2 \y n + yly^ybuy ny \3 + ybeybu 
+ y 2 4yeyiylyuy]_5 + ylyeyiybnyu + ybeymynyn 
+ y 2 4ybny 2 2 + y 2 4y 2 ylyny\5+y 2 4y 2 yly\2y\4 
+ y 2 4ytyuyi3+y4yly\s +y4yty&y 2 u + y4yiywynyi5 
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+ yAytywynyi4 +y4ytynynyu +yAyhhny\$ 
+ y4ylyhu + ywlyiynyn + y4yhiyny\5 
+ yAylyhnyu +y4ylyh&yny 15 + y4yly 2 ysyny u 
+ y4y6yjynyi5 + y4y0iynyi4 + y4y6yb%yiiyi4 
+ y4yhlyi5 + y4yblynyn + yb$ynyi5 + yh>m2yu 
+ ytyb 2 3 +y 4 6yiy&yny\3 + ytylyioyu + ytybh 
+ ybw + ylyb&yn + ybiybis + ybiybuyn 
+ ybbbis + ybhly^ + y&iyhn + y&ty\o 
+ yeybwis + yeyjy&u + ybn + yblyn + ybh>n 
+ ybwny 15 + ybwyny 13 +ybn +yly6yiywyi5 
+ ybeyiyliyn + ybbloyu + ybblfyn 
+ ybiy%y\oy 13 +ylymy 3 n + jl^ejis + ^4^7^14^15 
+ 3 ; l3 ; io3 ; ii3 ; i5 +ylyioy 2 i3 + ybiiyu + ylynynyn 
+ ybbi3yi5 + ybbu + ybwyny 15 + ybeyiynyu 
+J4J6W13 + ybb ny 14 +ybb 2 3 +3 ; 43 ; 73 ; 83 ; io3 ; i5 
+ ybmy ny 14 + ybiysyny 13 +ybbnyi3 +yb 4 w 

4 4 442, 4222, 45 

+ v4.v f ,vii.v L , + y 4 y 6 y l2 + WeWio + V4.v7.vi! 

+ y\°yiiyi3 +yblyiyi3 + ybly 2 o + y\ybn + yhl 

+ yi 6 , 

wi 28 (Ai5 © A} 5 © X 2 15 ) = wi2g(Ai 5 ) + wii 2 (Ai 5 )wi 6 (A} 5 © X 2 l5 ) 

+ W 96 (A 15 )W32(A{ 5 © X 2 l5 ) + W64(A 15 )W6 4 (Al 5 © A? 5 ) 

= wi28 mod decomposables. 

Since the element wi28(A 15 © Aj 5 © X 2 5 ) is a member of a system of generators of 
H*(B Spin(15); Z/2) as an algebra over the Steenrod algebra, we obtain the following 
corollary. 

Corollary 5.2 The Stiefel-Whitney class wi2s(Ad£ 8 ) of the adjoint representation 
Ad£ 8 : E& — ► 50(248) can be chosen as a member of a system of generators of 
H*(BE&;Z/2) as an algebra over the Steenrod algebra. 
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